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A function f : V n −→ W , where V is a commutative semigroup, W is a linear space
and n  1 is an integer, is called multi-additive if it is additive in each variable. In this
paper we prove the generalized Hyers–Ulam stability of multi-additive mappings in non-
Archimedean normed spaces, using the so-called direct method.
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1. Introduction
Throughout this paper N stands for the set of all positive integers, while Q denotes the set of all rationals.
Let us recall that a function f : V n −→ W , where V is a commutative semigroup, W is a linear space and n ∈N, is called
multi-additive or n-additive if it is additive (satisﬁes Cauchy’s functional equation) in each variable, that is
f
(
x1, . . . , xi−1, xi + x′i, xi+1, . . . , xn
)= f (x1, . . . , xn) + f (x1, . . . , xi−1, x′i, xi+1, . . . , xn),
i ∈ {1, . . . ,n}, x1, . . . , xi−1, xi, x′i, xi+1, . . . , xn ∈ V .
Some basic facts on such mappings can be found for instance in [25], where their application to the representation of
polynomial functions is also presented (see also [27]).
In this paper we prove the generalized Hyers–Ulam stability both of the above system and an equation which character-
izes it in non-Archimedean normed spaces, using the so-called direct (Hyers) method.
Let us recall that by a non-Archimedean ﬁeld we mean a ﬁeld K (throughout the paper we assume that all considered
ﬁelds are of characteristics different from 2) equipped with a function (valuation) | · | :K−→ [0,∞) such that
|r| = 0 if and only if r = 0,
|rs| = |r||s|, r, s ∈K,
and
|r + s|max{|r|, |s|}, r, s ∈K.
In any non-Archimedean ﬁeld we have |1| = | − 1| = 1 and |n| 1 for all n ∈N.
Let X be a linear space over a ﬁeld K with a non-Archimedean non-trivial valuation | · |. A function ‖ · ‖ : X −→ [0,∞)
is said to be a non-Archimedean norm if it satisﬁes the following conditions:
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‖rx‖ = |r|‖x‖, r ∈K, x ∈ X,
and
‖x+ y‖max{‖x‖,‖y‖}, x, y ∈ X .
Then (X,‖ · ‖) is called a non-Archimedean space. In any such a space a sequence (xn)n∈N is Cauchy if and only if
(xn+1 − xn)n∈N converges to zero. By a complete non-Archimedean space we mean one in which every Cauchy sequence is
convergent.
In 1899, K. Hensel (see [20]) discovered the p-adic numbers as a number theoretical analogue of power series in complex
analysis. Fix a prime number p. For any nonzero rational number x, there exists a unique integer nx such that x = ab pnx ,
where a and b are integers not divisible by p. Then |x|p := p−nx deﬁnes a non-Archimedean norm on Q. The completion
of Q with respect to the metric d(x, y) = |x− y|p is denoted by Qp , and it is called the p-adic number ﬁeld. In fact, Qp is the
set of all formal series x =∑∞knx ak pk , where |ak| p − 1 are integers. The addition and multiplication between any two
elements of Qp are deﬁned naturally. The norm |∑∞knx ak pk|p = p−nx is a non-Archimedean norm on Qp and it makes Qp
a locally compact ﬁeld (see for instance [18] and [37]).
During the last three decades p-adic numbers have gained the interest of physicists for their research in particular in
problems coming from quantum physics, p-adic strings and superstrings (see for instance [24]).
Speaking of the stability of a functional equation we follow the question raised in 1940 by S.M. Ulam: “when is it true
that the solution of an equation differing slightly from a given one, must of necessity be close to the solution of the given
equation?”.
The ﬁrst answer (in the case of Cauchy’s functional equation in Banach spaces) to Ulam’s question gave D.H. Hyers (see
[21]). After his result a great number of papers (see for instance [6,12,13,22,23,26,35] and the references given there) on the
subject have been published, generalizing Ulam’s problem and Hyers’s theorem in various directions and to other functional
equations (as the words “differing slightly” and “be close” may have various meanings, different kinds of stability can be
dealt with).
The classical works on the stability of additive mappings are [21,2,4,34,15,36,5,16], whereas some recent results on this
topic can be found in [17,7,31,28,29]. On the other hand, for some outcomes on stability of multi-additive functions we
refer the reader to [1,3,14,11] (see also [25]).
In 2007, M.S. Moslehian and Th.M. Rassias (see [31]) proved the generalized Hyers–Ulam stability of the Cauchy and
quadratic functional equations in non-Archimedean normed spaces. After their results some papers (see for instance [19,30,
32,10]) on the stability of other equations in such spaces have been published.
In this paper we deal with the generalized Hyers–Ulam stability, in the spirit of D.G. Bourgin (see [4]) and P. Gaˇvrutaˇ
(see [16]), of multi-additive mappings in non-Archimedean normed spaces.
To ﬁnish this introductory section let us ﬁnally mention some studies of W. Prager and J. Schwaiger (see [33]) and the au-
thor (see [8–10]) concerning different kinds of stability of multi-Jensen functions (introduced by W. Prager and J. Schwaiger
with the connection with generalized polynomials), that is functions satisfying (under some additional assumptions on V )
Jensen’s functional equation in each variable.
2. Results
First, we prove the stability of the system of equations deﬁning the multi-additive mapping.
Theorem 1. Let V be a commutative semigroup and W be a complete non-Archimedean space. Assume also that n ∈ N and for every
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}
, (2)k−→∞ |2|
378 K. Cieplin´ski / J. Math. Anal. Appl. 373 (2011) 376–383denoted by ϕ˜i(x1, . . . , xn), exists. If f : V n −→ W is a function satisfying∥∥ f (x1, . . . , xi−1, xi + x′i, xi+1, . . . , xn)− f (x1, . . . , xn) − f (x1, . . . , xi−1, x′i, xi+1, . . . , xn)∥∥
 ϕi
(
x1, . . . , xi, x
′




x1, . . . , xi, x
′
i, xi+1, . . . , xn
) ∈ V n+1, i ∈ {1, . . . ,n}, (3)
then for every i ∈ {1, . . . ,n} there exists a multi-additive mapping Fi : V n −→ W for which∥∥ f (x1, . . . , xn) − Fi(x1, . . . , xn)∥∥ 1|2| ϕ˜i(x1, . . . , xn), (x1, . . . , xn) ∈ V n. (4)
For every i ∈ {1, . . . ,n} the function Fi is given by






x1, . . . , xi−1,2 j xi, xi+1, . . . , xn
)











x1, . . . , xi−1,2 j xi,2 jxi, xi+1, . . . , xn
)
: l j < k + l
}
= 0,
i ∈ {1, . . . ,n}, (x1, . . . , xn) ∈ V n, (6)
then for every i ∈ {1, . . . ,n}, F i is the unique multi-additive mapping satisfying condition (4).
Proof. Fix x1, . . . , xn ∈ V , j ∈N∪ {0} and i ∈ {1, . . . ,n}. Putting x′i := xi in (3) we get∥∥∥∥12 f (x1, . . . , xi−1,2xi, xi+1, . . . , xn) − f (x1, . . . , xn)
∥∥∥∥ 1|2|ϕi(x1, . . . , xi, xi, xi+1, . . . , xn). (7)
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,
and consequently from (1) it follows that ( 1
2 j
f (x1, . . . , xi−1,2 j xi, xi+1, . . . , xn)) j∈N is a Cauchy sequence. Since the space W
is complete, this sequence is convergent and we deﬁne Fi : V n −→ W by (5).
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}
.
Letting k −→ ∞ in this inequality and using (2) we see that (4) holds.





x1, . . . , xi−1,2 j x′i, xi+1, . . . , xn
)∥∥∥∥
 1|2| j ϕi
(
x1, . . . , xi−1,2 j xi,2 j x′i, xi+1, . . . , xn
)
.
Next, ﬁx k ∈ {1, . . . ,n} \ {i}, x′k ∈ V and assume that k < i (the same arguments apply to the case where k > i). From (3) it





x1, . . . , xk−1, x′k, xk+1, . . . , xi−1,2
j xi, xi+1, . . . , xn
)∥∥∥∥
 1|2| j ϕk
(
x1, . . . , xk, x
′
k, xk+1, . . . , xi−1,2
j xi, xi+1, . . . , xn
)
.
Letting j −→ ∞ in the above two inequalities and using (1) we see that the mapping Fi is multi-additive.
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: l j < k + l
}
= 0,
and therefore F ′i = Fi . 
Analysis similar to that in the proof of Theorem 1 gives the following:
Theorem 2. Let V be a linear space and W be a complete non-Archimedean space. Assume also that n ∈N and for every i ∈ {1, . . . ,n},
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,
denoted by ϕ˜i(x1, . . . , xn), exists. If f : V n −→ W is a function satisfying (3), then for every i ∈ {1, . . . ,n} there exists a multi-additive
mapping Fi : V n −→ W for which (4) holds. For every i ∈ {1, . . . ,n} the function Fi is given by
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)
: l + 1 j < k + l + 1
}
= 0,
i ∈ {1, . . . ,n}, (x1, . . . , xn) ∈ V n,
then for every i ∈ {1, . . . ,n}, F i is the unique multi-additive mapping satisfying condition (4).
Corollary 1. Let V be a normed space and W be a complete non-Archimedean space over a non-Archimedean ﬁeld with |2| < 1.











ρ(t), t ∈ [0,∞). (9)
If f : V n −→ W is a function satisfying∥∥ f (x1, . . . , xi−1, xi + x′i, xi+1, . . . , xn)− f (x1, . . . , xn) − f (x1, . . . , xi−1, x′i, xi+1, . . . , xn)∥∥ δ(ρ(‖xi‖)+ ρ(∥∥x′i∥∥)),(
x1, . . . , xi, x
′, xi+1, . . . , xn
) ∈ V n+1, i ∈ {1, . . . ,n},i
380 K. Cieplin´ski / J. Math. Anal. Appl. 373 (2011) 376–383then for every i ∈ {1, . . . ,n} there exists a unique multi-additive mapping Fi : V n −→ W for which∥∥ f (x1, . . . , xn) − Fi(x1, . . . , xn)∥∥ 2|2|δρ(‖xi‖), (x1, . . . , xn) ∈ V n.
For every i ∈ {1, . . . ,n} the function Fi is given by (8).
Proof. For every i ∈ {1, . . . ,n} put
ϕi(x1, . . . , xn+1) := δ
(
ρ
(‖xi‖)+ ρ(‖xi+1‖)), (x1, . . . , xn+1) ∈ V n+1.
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ϕi(x1, . . . , xn+1) = 0.
Next, note that the sequence(
|2| jϕi
(
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= 0.
To get our assertion it is suﬃcient to use Theorem 2. 
Example 1. Let |2| < 1 and p ∈ (0,1). Then the mapping ρ : [0,∞) −→ [0,∞) given by
ρ(t) := t p, t ∈ [0,∞), (10)
satisﬁes (9) and ρ( 1|2| ) <
1
|2| .
The below proposition reduces the original system of n Cauchy equations to a single functional equation.
Proposition 1. (See [11].) Assume that n ∈ N and let V be a commutative group and W be a linear space. A mapping f : V n −→ W
is multi-additive if and only if
f (x11 + x12, . . . , xn1 + xn2) =
∑
1i1,...,in2
f (x1i1 , . . . , xnin ), (x11, . . . , xn1), (x12, . . . , xn2) ∈ V n. (11)
Now, we prove the stability of Eq. (11).
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: 0 j < k
}
, (13)
denoted by ϕ˜(x11, . . . , xn1), exists. If f : V n −→ W is a function satisfying∥∥∥∥ f (x11 + x12, . . . , xn1 + xn2) − ∑
1i1,...,in2
f (x1i1 , . . . , xnin )
∥∥∥∥ ϕ(x11, x12, . . . , xn1, xn2),
(x11, x12, . . . , xn1, xn2) ∈ V 2n, (14)
then there exists a multi-additive mapping F : V n −→ W for which
∥∥ f (x11, . . . , xn1) − F (x11, . . . , xn1)∥∥ 1|2|n ϕ˜(x11, . . . , xn1), (x11, . . . , xn1) ∈ V n. (15)
The function F is given by
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j xn1
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: l j < k + l
}
= 0, (x11, . . . , xn1) ∈ V n, (17)
then F is the unique multi-additive mapping satisfying condition (15).
Proof. Fix (x11, . . . , xn1) ∈ V n and j ∈N∪ {0}. Putting xi2 := xi1 for i ∈ {1, . . . ,n} in (14) we get∥∥∥∥ 12n f (2x11, . . . ,2xn1) − f (x11, . . . , xn1)
∥∥∥∥ 1|2|n ϕ(x11, x11, . . . , xn1, xn1). (18)
Hence∥∥∥∥ 12n( j+1) f (2 j+1x11, . . . ,2 j+1xn1)− 12nj f (2 jx11, . . . ,2 j xn1)
∥∥∥∥ 1|2|n( j+1) ϕ(2 jx11,2 jx11, . . . ,2 j xn1,2 j xn1),
and consequently from (12) it follows that ( 1
2nj
f (2 j x11, . . . ,2 j xn1)) j∈N is a Cauchy sequence. Since the space W is complete,
this sequence is convergent and we deﬁne F : V n −→ W by (16).
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.
Letting k −→ ∞ in this inequality and using (13) we see that (15) holds.


















Letting j −→ ∞ in the above inequality and using (12) we see that the mapping F satisﬁes Eq. (11), and Proposition 1 now
shows that F is multi-additive.
Let us ﬁnally assume, moreover, that (17) holds and let F ′ : V n −→ W be a multi-additive mapping satisfying condi-
tion (15). Then
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and therefore F ′ = F . 
Corollary 2. Let V be a normed space and W be a complete non-Archimedean space. Assume also that δ > 0, n ∈N and ρ : [0,∞) −→
[0,∞) is a mapping such that ρ(|2|) < |2|n and
ρ
(|2|t) ρ(|2|)ρ(t), t ∈ [0,∞). (19)
If f : V n −→ W is a function satisfying∥∥∥∥ f (x11 + x12, . . . , xn1 + xn2) − ∑
1i1,...,in2
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then there exists a unique multi-additive mapping F : V n −→ W for which
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The function F is given by (16).
Proof. Put
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To get our assertion it is suﬃcient to use Theorem 3. 
Example 2. Let |2| < 1 and p > n. Then the mapping ρ : [0,∞) −→ [0,∞) given by (10) satisﬁes (19) and ρ(|2|) < |2|n .
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